
ON BAZILEVIC AND CONVEX FUNCTIONS

BY

MAMORU NUNOKAWA

1. Introduction.    Let

W f^) = {iT^ Jo (h(0-aiW-^1+"2^g(0Sla + a2) dij

where «(z) = 1 +2"=i cnzn satisfies Re h(z)>0 in \z\ < 1, g(z) is starlike in \z\ < 1,

a is any real number and ß > 0.

Bazilevic [1], [8] introduced the above class of functions and showed that each

such function is univalent in |z| < 1.

Let a = 0 in (1). On differentiating we get

(2) zf'(z)=f(zy-eg(zyh(z)

and

(3) Re«(z) = Re(zf'(z)lf(zy-*g(zy) > 0   in \z\ < 1.

Thomas [12] called a function satisfying the condition (3) a Bazilevic function of

type ft
Let C(r) denote the curve which is the image of the circle \z\ =r< 1 under the

mapping w=f(z), and letF(r) denote the length of C(r). Let Af(r) = maxM=r |/(z)|.

Then Thomas [12] showed that if/(z) is a Bazilevic function of type ft 0<ß^ 1,

then

L(r) è K(ß)M(r) log (1/(1 -/■)),

and if M(r)%(l-r)-a then

L(r) ¿ F(a, ft)(l -r)~a   for 0 < a S 2

where K(ß) and K(a, ft) are constants depending only upon a and ft

2. On Bazilevic functions.

Lemma 1. Let flz) be mean p-valent in |z| < 1. Then

" "• |/'(,e»)|=ITJo Jo
pd9dp ^ 2pirM(r)   for 0 < r < 1.

\f(Pe

We owe Lemma 1 to Hayman [3, p. 45].

Theorem 1. Let flz) be a Bazilevic function of type ß and arg flz) be a function

of bounded variation on \z\ = p < 1.
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Then we have

L(r) ^ K(ß)M(r) log (1/(1-r)),

and also if M(r)^(l-r)-" then L(r)-¿K(a, ß)(l- r)-" for 0<a^2 where K(ß) and

K(a, ß) are constants depending only upon a and ß.

Proof. We have

/*2rt /»2ji

L(r)=\     \zf'(z)\d8=\     \f(zf-*g(zyh(z)\d8
Jo Jo

i»r   p2n

= \(l-ß)f'(z)f(z)-eg(zyh(z)\d9dp
Jo Jo

pr   i"2ji

+ \f(zf-ßßg'(z)g(zy-ih(z)\d9dP
Jo Jo

¡•r   ¡•271

+       \f(zy-"g(zyh'(z)\d9dP
Jo Jo

= Jx+J2+J3,   say.

Applying (2) and Lemma 1 we obtain

« r2*\zf'(z)2(4)       /l = ii-/*! rr
Jo Jo

d9dp ¿, 2ir\l-ß\M(r).

Since g(z) is a starlike function we may write zg'(z)=g(z)</>(z), where <j>(z)

= 1 + 2^=1 <4z" and Re <¿(z)>0 in |Z|<1.

Then we have

rr   ¡,2h

/«- \ß\ \f'(z)<p(z)\d9dp
Jo Jo

r /•' r2n ~\ 1>2 ( rr r2" ~\ 1'a

-|/3|{JoJo   \f'W\dedp}   {J0J0   MzWdOdpj    •

It is well known [6], [10] that

Jo Jo '

and

J    J       \</>(zf\ d9 dp Ú4n log ̂-

Hence we have

(5) Z2^2|¿S|V27r(ilog}^)    M(r).

On the other hand it is well known [2] that

|A'(z)| Ú 2Reh(z)l(l-P2)   for \z\ Ú P < 1.
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Hence we have

/,* f r\f(zy-»g(zy\2*eh}2z)d9dp
Jo Jo l~ P

f r2n i
= 2 Re zf'(z) exp (-i{(l -ft) arg/(z)+|3 arg g(z)})-2 ¿0 ¿p.

Jo Jo l~ P

Now let us put 0=(1 -ft) arg/(z)+j8 argg(z). Then we have

f"2jl

Re Jo   zf'(z) exp (-/{(l -ft) argf(z)+ß argg(z)}) ¿0

Jo   i    d9 i J|Ä| = /) ¿0
¿0

= Re) [e-«/(z)]l2l = () + Re f        e"'8/^) ¿0
' Jui=o

= Re f        e-ie/(z)¿0

= Re (1 -ft) f       e-ie/(z) ¿arg/(z) + Re¿3 í       e-ie/(z)¿argg(z)
Jlzl=p J\z\=o

g Re (1 - ft) f       e - ie/(z) ¿ arg/(z)+2nßM(r).
J\Z\ = D

Since arg/(z) is a function of bounded variation on |z| = tj< 1, there exists a

bounded constant K and ¡U] = p |¿arg/(z)| ^2-nK. Hence we have

Ja Ï 27r{|l-J8|F+|i3|}A/(r) f ^-2 dp

(6) J°    ~P
= mi-/3|F+|/3|}M(r)Iog^.

From (4), (5) and (6) we obtain

L(r) í K(ß)M(r) log (1/(1 -F».

Applying the same method as the above we have also that if M(r)^(l—r)~",

then L(r) ¿K(a, ft)(l — r)'a for 0 < aá2. This completes our proof.

Corollary 1. Fe7/(z)=z+2n=2 cnzn be regular and starlike in \z\ < 1. FAe« we

have L(r)^KM(r) log (1/(1 -r)), and also if M(r)g(l - r)~a then L(r)^

F(a)(l — r)~a for 0<a^2, where K is a bounded constant and K(a) is a constant

depending only upon a.

These results are due to Keogh and Pommerenke [4], [5].
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Lemma 2. Let /(z) = 2"=i anZn be regular and univalent in \z\<l.

Then we have

M(r) = 4(n-'A(r) log (31 (I-r)))112

where A(r) is the area enclosed by the curve C(r).

We owe this lemma to Pommerenke [7].

Applying Lemma 2 and the same method as in the proof of Theorem 1 we easily

obtain the following theorems.

Theorem 2. Let f(z) be a Bazilevic function of type ß and arg f(z) be a function

of bounded variation on \z\ =p < 1.

Then we have

L(r) Ï K(fi)(A(r))ll2(log(l¡(l-r))y'2

where K(ß) is a constant depending only upon ß.

Theorem 3. Let f(z) be regular and close-to-convex (a Bazilevic function of

type I) in \z\ < 1. Then we have

L(r) ú K(A(r)Y2(log(l¡(l-rW2

where K is a bounded constant.

Remark. Thomas [11] has obtained the following:

Let/(z) be regular and starlike in |z| < 1. Then

L(r)^2(nA(r)Y2(\+log\^.

3. On convex functions.

Lemma 3. Letf(z) = z + J¡n°=2 anzn be regular and starlike in \z\ < 1.

Then we have for any real X

¡•2x p2n

\f(rée)\Á d9 ^        \l+reie\-2Add.
Jo Jo

We owe this lemma to Robertson [9].

Theorem 4. Letf(z)=z+'£n=2anzn be regular and convex in \z\ < 1.

Then we have

I(r) = fJ\f(z)\d8^Klogj^-r

where K is a bounded positive constant.
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Proof. Since flz) is convex it follows that zf'(z) is starlike in \z\ < 1. Then we

have the following inequalities for a fixed constant 0<r!<r< 1,

/»r   [•2ii i»r,   /*2ji /»r    i"2;i

/(r)á \f'(z)\d9dP = \f'(z)\d9dp+ \f'(z)\d9dp
JO   JO JO     Jo Jri JO

= C+f f r\zf'(z)\d9dp,
'1 Jrj. Jo

where C is a bounded constant.

Applying Lemma 3 to z/'(z) we have

rr    p2x /*r    í>2n i

11 wwi*+*U ïï^?l""*
<-  r    1     ^       1,     l+r

Hence we have

I(r) ï C+i-log}±f.

Integrating the following convex function we have

(?)        L, lî^l^ = £{l-*r«»9+r*r*» = °^Cl/(l-r)))

where O in (7) cannot be replaced by o.

This shows that the function/(z) = z/(l — z) is an extremal function in Theorem 4.
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